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Abstract
This paper explores the consequences of small cluster size for parameter estimation in multilevel models. In particular, the interest lies in parameter estimates (regression weights) in
linear multilevel models of level 2 variables that are functions of level 1 variables, as for
instance the cluster-mean of a certain property, e.g. the average income or the proportion of
certain people in a neighborhood. To this end, a simulation study is used to determine the
effect of varying cluster sizes and number of clusters. The results show that small cluster
sizes can cause severe downward bias in estimated regression weights of aggregated level 2
variables. Bias does not decrease if the number of clusters (i.e. the level 2 units) increases.
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1

Introduction

Multilevel models (also known as hierarchical linear models and mixed models)
are a common statistical tool for the analysis of clustered data (De Leeuw, Meijer,
& Goldstein, 2008; Langer, 2010; Rabe-Hesketh & Skrondal, 2012; Raudenbush
& Bryk, 2002; Snijders & Bosker, 2012). Their advantages are obvious: instead of
treating observations incorrectly as unrelated, they explicitly take the clustering of
observations into account and allow for modeling how characteristics of the higher
level impact units at the lower level – for example, how neighborhood characteristics affect residents or how school characteristics affect students.
It is common in multilevel modeling to aggregate level 1 information to generate level 2 information, i.e. to characterize the clusters in which the lower level
units are nested. For instance, the proportion of immigrant children in schools,
the proportion of unemployed respondents in neighborhoods, the average income
in neighborhoods and similar measures are frequently used in multilevel analysis
(Fauth, Roth, & Brooks-Gunn, 2007; Gross & Kriwy, 2013; Pong & Hao, 2007;
Schunck & Windzio, 2009; Windzio, 2004; Windzio & Teltemann, 2013).
In multilevel analysis cluster means are frequently assumed to have a meaningful interpretation, which is substantively different from the level 1 variables from
which they are calculated. For instance, the mean household income in a neighborhood may be seen as a measure of neighborhood quality.1 This paper investigates how level 1 sparseness, that is having few observations per cluster, affects the
estimation of the regression weights of such aggregated level 2 variables in linear
multilevel models.
Level 1 sparseness is not uncommon in empirical research. Research is often
confronted with data that is of a hierarchical nature but contains only few observations per cluster. This is common in surveys that follow stratified sampling designs,
where only few respondents are clustered in geographical units (Clarke & Wheaton, 2007; Schunck & Windzio, 2009).
Questions regarding adequate sample sizes at each level in multilevel analysis
have been discussed before (Bell, Ferron, & Kromrey, 2008; Clarke, 2008; Clarke
1

This sets multilevel modeling apart from longitudinal modeling in which such between-effects are often considered of having no meaningful interpretation (Allison,
2009; Schunck, 2013).
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& Wheaton, 2007; Hox, 1998; Kreft, 1996; Maas & Hox, 1999, 2005). Prior research
suggests that level 1 sparseness does not lead to serious bias in parameter estimates
(Bell et al., 2008; Clarke, 2008; Clarke & Wheaton, 2007; Maas & Hox, 2005). The
number of clusters (level 2 units) seems to be more important than the number of
observations per cluster. However, previous research has not systematically investigated how small sample sizes at level 1 impacts the estimates in multilevel models
if these models include aggregated level 2 variables that are a function of the level
1 variables. In this case, small cluster size may cause noisy and unreliable aggregations. This becomes obvious if we consider the reliability of aggregated variables
in multilevel models. For an aggregated indicator the reliability of the group mean
can be expressed by

λj =

σ B2
σ + σ W2 / ni
2
B

(1)

where σ B2 is the between group-variance of the indicator, σ W2 is the within-group
variance, and ni is the common cluster size (Snijders & Bosker, 2004, pp. 25-26).
Reliability increases if the number of level 1 units per cluster increases and reliability decreases when the number of observations per cluster decreases.2 In linear
models, low reliability will create an error-in-variables problem and will cause an
attenuation bias (Wooldridge, 2010, p. 81). This study therefore considers the effects
of very small cluster sizes in linear two-level multilevel models on parameter estimates of regression weights of level 2 variables that are a function of level 1 variables.

2

Methods

To this end, this study uses Monte Carlo simulations, varying a) the cluster size, i.e.
the number of level 1 units per cluster ( ni = 5, 10, 20, 40, 80) and b) the number of
level 2 units ( n j = 20, 40, 100, 1000). The number and size of clusters is chosen to
include the range of cluster sizes and numbers of clusters typically encountered in
multilevel modeling – ranging from data with few clusters and relatively large cluster sizes to data with a large number of clusters but very few observations within
clusters. Very large clusters as in country data are not considered, since the interest lies on level 1 sparseness. Data were generated based on a two-level multilevel
model specified as

2

Obviously, reliability also depends on the amount of variance between and within clusters. Reliability is also high when there are large differences between clusters.
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yij = α + β1 xij + β 2 c j + β3 x j + u j + ε ij

(2)

with i indicating level 1 and j indicating level 2. xij was generated as continuous
level 1 covariate from a normal distribution with a mean of 0 and a variance of 1
( xij ~ N (0,1) ), x j is the level 2 covariate that is a function (the cluster mean) of the
level 1 covariate xij , and c j was generated as continuous level 2 covariate from a
normal distribution with a mean of 0 and a variance of 1 ( c j ~ N (0,1) )3. The level 1
error was generated from a normal distribution with a mean of 0 and a variance of 1
( ε ij ~ N (0,1) ) and the level 2 error similarly as u j ~ N (0,1) . The constant was specified as α = 1 and the regression weights as β1 = 1, β 2 = 1, and β3 = 1.
To simulate the data generating process more realistically, the data were generated by assuming that the cluster size ( ni) is 100 in the population. The different
cluster sizes (ni = 5, 10, 20, 40, 80) were realized by drawing random samples
out of the population clusters. This corresponds for instance to drawing random
samples of residents out of larger neighborhoods or students out of schools. This
has important and intended consequences of the cluster mean. While the true cluster mean x j is used to generate the data (2), the multilevel model used to analyze
the data relies on the estimate x j' from the cluster samples.
For each of the 20 conditions (5 cluster sizes * 4 different numbers of level 2
units), 1,000 data sets were simulated using Stata 13.1 (StataCorp, 2013). After data
generation, the simulated samples were analyzed using a linear two-level multilevel model. The examined outcomes were the estimated fixed effects, that is the
regression coefficients β̂1 , β̂ 2 , and β̂3 under the specified conditions. Bias in parameter estimates is indicated by the percentage relative bias, which is assessed as
( βˆ − β / β * 100) (Maas & Hox, 1999). For instance, if the true parameter is β = 1
and the estimated parameter is β̂ = 1.5, this leads to (1.5 – 1)/1 * 100 = 50, indicating the estimated parameter is upward biased by 50%. If β̂ = 0.5, this leads to
(0.5 – 1)/1 * 100 = -50, indicating that the estimated parameter is biased downward
by 50%.

(

3

)

Results

The results of the simulation for the linear two-level multilevel model are presented
in Table 1 and in Figures 1, 2, and 3.
The results show that there are very low levels of bias in the estimates of β̂1 ,
the regression weight associated with the level 1 variable xij (Table 1). Even under
3

Note that since a proportion is a special case of a mean, the results extend to dichotomous level 1 variables, which for instance classify observations according to a binary
characteristic.
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extreme conditions ( ni = 5 and n j = 20), the estimated regression weights were
very close to the true value. This is also apparent from Figure 1, which displays the
mean percentage relative bias in β̂1 . In all conditions, the percentage relative bias
is below +/- 1%. Bias decreases on average if the cluster size or if the number of
clusters increases, as can be seen from Figure 1. As regards the estimate β̂ 2 – the
regression weight associated with the level 2 variable c j – the results similarly show
only insubstantial bias in the estimates (Table 1). Again, the percentage relative
bias does not exceed +/- 1% in any condition (Figure 2). Bias decreases further
when the number of level 2 units increases (Figure 2). Accordingly, for both β̂1 and
β̂ 2 bias caused by level 1 sparseness appears negligible.
However, the results show a strikingly different picture when it comes to the
estimate of β̂3 , the regression weight associated with the cluster mean x j' . Again,
the true value for the parameter was set to equal 1. If the cluster size is very small
( ni = 5), the estimated regression weights show an extreme downward bias being
close to zero (Table 1). Bias decreases when the size of the clusters increases – from
an average percentage relative bias of -95.25% in the condition of extreme level
1 sparseness ( ni = 5) to -21.20% if the clusters comprise 80 level 1 observations
( ni = 80) (Figure 3). Even with moderate cluster sizes, i.e. ni = 40, the average percentage relative bias is still -59.94. Importantly, bias does not decrease if the number of clusters increases. The number of level 2 units ( n j = 20, 40, 100, 1000) is not
statistically significantly related to the size of the bias ( ni = 5: F (3, 3996) = 0.15,
p<0.932; ni = 10: F (3, 3996) = 0.65, p<0.582; ni = 20: F (3, 3996) = 0.39, p<0.759;
ni = 40: F (3, 3996) = 0.84, p<0.474; ni = 80: F (3, 3996) = 0.13, p<0.9446).

20

40

80

0.997 0.999 0.998 1.000 1.000
(0.081) (0.053) (0.036) (0.025) (0.018)

1.000 1.000 0.999 0.998 0.999
(0.048) (0.033) (0.022) (0.015) (0.011)

1.000 1.000 1.000 1.000 1.000
(0.016) (0.010) (0.007) (0.005) (0.004)

100

1,000

1.004 1.003 1.001 1.001 0.999
(0.112) (0.077) (0.052) (0.038) (0.026)

10

10

20

40

80

1.001 1.001 1.001 1.001 1.001
(0.034) (0.032) (0.031) (0.031) (0.030)

1.001 1.000 1.000 1.000 1.001
(0.110) (0.106) (0.103) (0.102) (0.101)

0.994 0.993 0.994 0.992 0.993
(0.181) (0.174) (0.172) (0.170) (0.169)

1.004 1.005 1.010 1.005 1.004
(0.278) (0.259) (0.254) (0.253) (0.251)

5

ni (cluster size)

ni (cluster size)

40

20

5

Estimate β̂ 2 (true value = 1)

Estimate β̂1 (true value = 1)

Estimated regression weights (means and standard deviations)

Note: standard deviations in parentheses. Each value is averaged across 1,000 simulations.

n j (number of clusters)

Table 1

10

20

40

80

0.048 0.098 0.195 0.392 0.806
(0.080) (0.105) (0.144) (0.208) (0.274)

0.052 0.109 0.204 0.387 0.781
(0.258) (0.343) (0.492) (0.652) (0.900)

0.049 0.094 0.170 0.416 0.796
(0.429) (0.555) (0.777) (1.079) (1.540)

0.041 0.076 0.183 0.346 0.769
(0.626) (0.819) (1.156) (1.573) (2.238)

5

ni (cluster size)

Estimate β̂3 (true value = 1)
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4

Conclusions

The results of this study show that level 1 sparseness (i.e. small cluster size) in
multilevel models can cause large bias in estimated regression weights of level 2
variables that are aggregated from level 1 variables.
To assess the effect of level 1 sparseness, this study simulated multilevel data
varying the number and the size of clusters and analyzed the data to evaluate the
impact of level 1 sparseness on the estimated regression weights. The number and
size of clusters had relatively little impact on the estimated effect of regression
weights of normal level 1 and level 2 variables. In this respect, this study links up
with previous research (Bell et al., 2008; Clarke, 2008; Clarke & Wheaton, 2007;
Maas & Hox, 1999, 2005).
However, if multilevel models include level 2 variables that are a function of the
level 1 variables, e.g. the average income or the proportion of unemployed people
in a neighborhood, the study found severe downward bias in estimated regression
weights. In situation of extreme level 1 sparseness, that is if the clusters comprise
only 5 or 10 observations, the average percentage relative bias was more than 93%.
Importantly, bias does not decrease if the number of level 2 units increases. Bias
reduces if the number of observations within each cluster increases. However, even
with moderate cluster sizes (20 or 40 observations per cluster), bias is still substantial.
What is the reason for such bias? Reliability of aggregated variables depend on
cluster size (Snijders & Bosker, 2004, pp. 25-26). If very few level 1 units are used
to generate the level 2 characteristic, we are dealing with measurement error: The
(aggregated) level 2 characteristic is a noisy estimate of the true level 2 characteristic. It is a well-known fact that error-in-variables causes attenuation (i.e. downward)
bias in estimated regression weights in linear models (Wooldridge, 2010, p. 81).
The problem we are therefore facing is a measurement error or error-in-variables
problem, respectively.
We have to assume that this is a prevalent problem. Most multilevel data
comprise samples of level 1 units drawn out of a population of level 2 units, e.g.
respondents living in larger neighborhoods, students attending different schools, or
employees working in different establishments. In all these data, estimated effects
of aggregated level 2 variables will be biased downward.
Obviously, the problem only applies if the clusters are samples. If the multilevel
data comprises the full clusters, i.e. if all observations within a cluster are included,
such as all students nested in a class, the problem will not apply – even if the clusters are small.
What can be done about this? The first and most obvious remedy is to increase
the (relative) size of the clusters. The larger the number of level 1 units per cluster,
the lower is the bias. A second remedy is to use external data sources to generate the
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aggregated level 2 characteristics. For instance, administrative data may be used to
complement survey data with the level 2 variables of interest. A third remedy lies
in methods that adjust for measurement error. Measurement error can, for instance,
be accommodated by using a latent variable approach (Bollen, 1989; Reinecke &
Pöge, 2010; Skrondal & Rabe-Hesketh, 2003). This would require using multiple
level 1 indicators to model the (latent) level 2 characteristic. For instance, neighborhood characteristics could be assessed by relying on several measures, e.g. (mean)
income, (mean) education, (proportion of) unemployment, etc. While these three
potential remedies appear promising, one may still encounter situations in which
none is applicable and should therefore treat aggregated variables in multilevel
models with caution.
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Appendix
// Stata code
clear all
version 13.1
global data "..."		
//
//

// define file path here

#1
define program

capture program drop l2linear
program define l2linear
clear
drop _ all
args i j
set obs 'j'
gen j = _ n
gen c _ j = rnormal(0,1)
gen u _ j = rnormal(0,1)
expand 100
bysort j: gen i = _ n
gen x _ ij = rnormal(0,1)
bysort j: egen x _ j = mean(x _ ij)
gen e _ ij = rnormal(0,1)
gen y _ ij = 1 + 1*x _ ij + 1*c _ j + 1*x _ j + u _ j + e _ ij
bysort j: sample 'i', count
bysort j: egen x _ j _ noise = mean(x _ ij)
xtreg y _ ij x _ ij x _ j _ noise c _ j, i(j) re
end
//
//

#2
simulate

foreach j of numlist 20 40 100 1000 {
foreach i of numlist 5 10 20 40 80 {
		
		
simulate _ b, seed(12345) reps(1000): l2linear 'i' 'j'
		
gen n _ j = 'j'
		
gen n _ i = 'i'
		
sum
		
		
if ('j'==20 & 'i'==5) save "${data}\sim _ linear.dta", replace
		
else {
			
append using "${data}\sim _ linear.dta"
			
save "${data}\sim _ linear.dta", replace
			
}
}
}

